A 7 stage, order 6 Runge-Kutta scheme with an 8 stage, order 5 embedded scheme

See: An Order 6 Runge-Kutta Process with an Extended Region of Stability, by J. D. Lawson,
Siam Journal on Numerical Analysis, Vol. 4, No. 4 (Dec. 1967) pages 620-625.

The order 6 scheme has ¢, chosen so that the stability function is the same as that of Lawson's scheme, but with the nodes ¢5 and ¢,
chosen to minimize the principal error norm.

The nodes of the scheme are:
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The principal error norm, that is, the 2-norm of the principal error terms is: 0.8235719705 x 10( ).

The principal error norm of the order 5 embedded scheme is: 0.1404518489 x 10~ .
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The maximum magnitude of the linking coefficients is: ~5.237885703.

The 2-norm of the linking coefficients is: 8.357911325.

The stability regions for the two schemes are shown in the following picture.
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The stability region of the order 5 scheme appears in the darker shade.
The real stability intervals of the order 6 and 5 schemes are respectively [—6.4632,0] and [-5.9184,0].
The following picture shows the result of distorting the boundary curve of the stability region of the order 6 scheme horizontally by taking
the 11th root of the real part of points along the curve.
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The stability region intersects the nonnegative imaginary axis only at the origin.



The coefficients are:
c[2]=26/105-2/315*517(1/2),
c[3]=13/35-1/105*517(1/2),
c[4]=7/8,

c[5]=2/3,

c[6]=25/44,

c[7]=1,

c[8]=1,

a[2,1]=26/105-2/315*517(1/2),

a[3,1]=13/140-1/420*%517(1/2),

a[3,2]=39/140-1/140*517(1/2),

a[4,1]=917/1024+133/2048%51/(1/2),

a[4,2]=-3339/1024-567/2048*517(1/2),

a[4,3]=1659/512+217/1024*51/(1/2),

a[5,1]=-1684/38367-1661/76734*51"(1/2),

a[5,2]=53/87+3/58*517(1/2),

a[5,3]=35719/1018857-322526/9169713*517(1/2),
a[5,4]=608000/9169713+46720/9169713*51~(1/2),
a[6,1]=-461996725/3389300992-1177092575/37282310912*517(1/2),
a[6,2]=5235075/4940672+888975/9881344*517(1/2),
a[6,3]=-341124192375/810042937088-537995100875/8910472307968*517(1/2),
a[6,4]=3757905225/69613064906+515376765/69613064906*51(1/2),
a[6,5]=78975/6559168-142155/26236672*517(1/2),
a[7,1]=1742326689/4502399300-58649287/4502399300*51/(1/2),
a[7,2]=-4403367/3675428+351387/3675428*51"(1/2),
a[7,3]=11790764705002797/3877178663892716-1131180983967987/3877178663892716*51/(1/2),
a[7,4]=-245322883744/484233044715+7131426592/290539826829*517(1/2),
a[7,5]=12950521191/3105736660-128238867/621147332*517(1/2),
a[7,6]=-91125689883712/18622773447525+21849255769088/55868320342575*51/(1/2),
a[8,1]=5585670305093/2788966222392+431930101105/2091724666794*51(1/2),
a[8,2]=-144807725967/18972559336-359476659/426349648*51(1/2),
a[8,3]=115926982505871389/17330636105943888+11617745125538501/17330636105943888*51~(1/2),
a[8,4]=-4772472588056/416601829469805-14970598977224/1249805488409415*51(1/2),
a[8,5]=-4080018441/85049403920-923863089/42524701960%51(1/2),

a[8,6]=0,

a[8,7]=0,

b[1]=5711/58800-367/294000%51/(1/2),

b[2]=0,
b[3]=24726998973/21097834940-3979367421/42195669880*517(1/2),
b[4]=-561152/2634975+751616/23714775*51(1/2),
b[5]=120447/67600-9909/67600*517(1/2),
b[6]=-762737536/385079175+3782765888/17328562875*517(1/2),
b[7]=3337/23370-367/46740*517(1/2),

b[8]=0,

b*[1]=6611993/71956500-77599/35978250*51(1/2),

b*[2]=0,
b*[3]=6164053207701/5163695101565-429295050176/5163695101565*517(1/2),
b*[4]=-7674950912/23216764725+158922752/23216764725*51~(1/2),
b*[5]=33913917/16545100-698391/8272550*517(1/2),
b*[6]=-177408393712/81170636625+13220386432/81170636625*51"(1/2),
b*[7]=8/89,

b*[8]=1/11.
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