Construction of 31 stage combined order 11 and 12 Runge-Kutta schemes
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A method for the constuction of combined 11 and 12 Runge-Kutta schemes is described here. The embedded order 11 scheme is provided
with the aim of it being used for error control in the standard manner. The method of construction of these schemes is motivated by a 10(9)
scheme due to Tom Baker at the University of Teeside and is similar to the method used elsewhere to construct order 11(10) schemes.

When the construction reaches the stage of requiring equations derived from the order conditions, the order conditions used at each step
were selected from those that remained to be satisfied after the preceding step. Details of how this was achieved can be seen by viewing
Maple worksheets which are available online.

The parameters that determine the specific schemes described here were obtained from a random search followed by a lengthy process of
minimization of the principal error norm.

We first indicate how to construct a 30 stage order 12 Runge-Kutta scheme.
Step 1:
We specify the following stage-orders for stages 3 to 20.

[ stage |

9 10 11 12 13 14 15 16 17 18 19 20}
stage-order | 5

55 6 6 6 7 7 7 7 8 8

Thus we have the following stage-order conditions involving the nodes ¢; and linking coefficients a; ;.

. . 2 . 3
i-1 i—1 . i—1 .
> for i=3..20 % for i=3..20 5 for i=3..20
a; ;=c¢; for i=3..20, ai’jcj—2 or i=3..20, ai’jcj—3 or i=3..20,
Jj=1 j=2 j=2
. 4 . 5 . 6
i-1 . i—1 i—1
S a ¢ =" for i=6..20 5 for i=9..20 S fori=12..20
ai’jcj—4 or i=6..20, ai’jcj—5 or i=9..20, ai'jcj_6 or i=12..20,
j=2 j=2 j=2

N
oo

i—1 i—1

6 Ci 7 G
Da,c = for i=15..20, Da,c = for i=19,20,
j=2 j=2

We also have zero linking coefficients as follows.
a,,=0,i=4..20, a,,=0,i=6..20, q;,=0,i=7..20,
a,5=0,i=9..20, a;,=0,i=11..20, a;,=0,i=11..20,
a;g=0,i=12..20, a,,=0,i=15..20, a, ,,=0, i=15..20,
a;,=0,i=19..20, @, ,=0,i=19..20, aq;3=0,i=19..20.

The following table in which the first column is omitted illustrates the zero linking coefficients.



as 5

0 a4,

0 a5; a5,

0 0 a5y ags

0 0 0 a;5 ay5

0 0 0 ags agq ag,

0 0 0 0 ay6 ay,; agy

0 0 0 0 ayge a7 aps 49

0 0 0 0 0 0 a,g Q9 911,10

0 0 0 0 0 0 0 apg ap,y anq

0 0 0 0 0 0 0 apy a3 a1 43
0 0 0 0 0 0 0 ayy a0 G G
0 0 0 0 O 0 0 0 0 a5y a5,
0 0 0 0 0 0 0 0 0 i1 46,12
0 0 0 0 O 0 0 0 0 ayy ayp,
0 0 0 0 0 0 0 0 0 dig 11 4ig 12
0 0 0 0 0 0 0 0 0 0 0
L 0 0 0 0 0 0 0 0 0 0 0

We can use this information to obtain certain relations involving the nodes ¢, to c,,.

In the first instance these relations are given by the following integral equations.

c

’ 2
Jx(x—c2)dx=0 or czzgc3
) 2

x(x—c;)dx=0 or c3=;c4

0
‘6
J x(x—¢,)(x—c5)dx=0 or ¢

0
C,

A4 13
5,13 Gs,14
16,13 %6, 14
A7,13 47,14
dig 13 413,14
0 A9, 14
0 Ay, 14
------------- @
————————————— (ii)

cs(3cg—4cs)
C2(2¢,-3¢5)

ay7,16
ais,16
A9, 16

), 16

(20 cgcy— 15 ¢y e+ 12¢, —15¢y¢5) ¢,

9
Jx(x—cé)(x—q)(x—cg)dxzo or ¢g=

2
0 5(6cge;—4cgcg+3cy —dcycy)

11
Jx(x—cg)(x—cg)(x—cm)dx:O or ¢g=

(15¢y¢;, =20 e 12¢, + 15 ¢, ¢, €y

0 5(46‘96“—669610—36112+4610611)
‘12
J x(x—cy) (x—cg) (x—¢)dx=0  -—-memmemv (vi)
0
12
J X (x=co)(x—c1) (x—¢;) dx=0  —mrmmememe (vii)
0
13
J x(x—c9)(x—cm)(x—c”)(x—clz)dxzo """"""" (an)
0
15
J x(x—c“)(x—clz)(x—cB)(x—cM)dx:O """"""" (IX)

0

15
J X (x—c;)(x—cp) (x—cp3) (x—cyy) dx=0

0

aig, 17
a9, 17

a0, 17

9,18

ay, 18

a0, 19



16
J x(x—cy)(x—cp)(x—cz)(x—cy) (x—c5)dx=0 --mmm-mmmv (xi)
0

19
J x(x—cy)(x—c;5)(x—c)(x—cpy) (x—cg)dx=0 - (xii)
0
19
J' xz(x—cM)(x—clS)(x—cm)(x—c”)(x—clg)dx:O ——————— (xiii)
0
20
J x(x—cy)(x—cpi) (x—c) (x—cp) (x—cg) (x—cpg) dx=0 ------ (xiv)

0
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Introducing the relation ¢, = ; ¢, allows the equations (vi), (vii) and (viii) to produce the relations

98 —1/10 ++/3694 — 212 /10 98 — /10 /3694 — 212410
- 156 ‘1> - 156 ‘13

Cy Cio

and

40-24/10
:—9613.

‘12 3

40-2410

2
The equations (ix) and (x) in conjunction with the relations ¢, = g ¢; and ¢y, = 39

c,; giverise to the relations

C3=MNC5
and

80 (/10 —20) 1’ + 10 (417 = 154/ 10) > +36 (24/ 10 — 105) 1 + 1170
— c
1404 + 120 (4/ 10 =20) " +40 (139 =54/ 10 ) n° +45 (24/10 — 105)

Ciq 15°

where M is a real zero of the degree 6 polynomial

P(z) = 28000 z° — (117600 + 16804/ 10 ) 2> + (6090 4/ 10 +203910) z* — (188700 + 87004/ 10 ) z* + (99969 + 6276 4/ 10 ) 7* —
(29250 +2340+/10) z+ 3690 + 360 4/ 10.

This polynomial has two real zeros with the approximate values 0.46400913396513 and 0.90501790944446.
Equation (xi) gives rise to a relation of the form
¢5=0 ¢
iwhere 0 is a real zero of the cubic polynomial
S(z)=dy 2" +d, 2" +d, z+d,,
with

dy =42 (4000 m° - 168001 — 2401’ 4/ 10 + 870 * 4/ 10 +29130 " = 1500 4/ 10 — 32100 1’ + 26367 n” + 1668 ° 4/ 10 — 14625

- 1170 m+/ 10 + 3690 + 3604/ 10 ),

d, =35 (4000m°—240m°4/10 — 168001’ + 48330 1" + 1470 m* 4/ 10 — 3300’4/ 10 — 72300’ + 3258 n° 4/ 10 + 52452 1°
— 1170 n+/ 10 — 14625 1),

d, =200 (560M°—841°4/10 —5880 M + 12327 n* +357 n* 4/ 10 — 46217 4/ 10 — 10122 1> + 2961 n* + 189 4/ 10),

dy=4200 (801°-2101" =31 4/10 +6m 4/ 10 +1921* 31’4/ 10 —60 ).



We take

1 ~ 0.9050179094444592302850092001266376783360386842107738556985099105305710627647138909540
and choose the largest of the three resulting values for 0, namely

6 ~ 1.900460407318210405781574017326160583594516445668076545674045253102940120877393399745.

At this stage we have
C3=MNcs €u=0¢5 ¢5=0c

where
80 (4 10 —20)1]3+ 10 (417 — 154/ 10)1]2+36(2v 10 —105)n + 1170
c= .
1404 + 120 (4 10 —20)1’]3+40(139—51/ 10)n2+45(2v 10 —105)n
Suppose that

cig=8cyp
where & is a parameter whose value we can choose later.
Then we can use equations (xii) and (xiii) to find T such that ¢,; =7 c,5, where 7 is a zero of a degree 8 polynomial

H(z)=hg "+ h 2 +hg "+ hg 2+ hy 2+ hy 2+ hy &+ by 2+ hy,
where
hy = 150,
h =-420 (E+GE)0+1+E),
hy=35((80° & +358 G+8E) 07 +((356+358")c+358+35E7)0+8E +8+35¢8),

h, = —420
(28 6+20°E)0+ (28 +28) 0" +(9E +9E)0+28 +28)0° + (28 +9E +28)0+28 +9E +2E)0+2E +28),

h,=42 (140°0' &' + (648 +64 &) 0"+ (648 +64E)6) 0
F((4E+14E +64E) "+ (64E +303E +64E) 0+ 148+ 14E +64E) 07+ (64 E+64 E) 0+ 64 E2+64E) 0+ 14 E7),

hy=-280 (T&'+78)0° 0" + (T8 +78 +34E) 0" +(718+78 +34E)06)0
F((TE+TEYT+(4E +34E)0+T7E +7E)0°+ (18 +7E8 6)0),

hy=1470 (' +58 +E) 070" + ((5E +58) 0+ (58 +58)0)0° + (58 c+ & +5°EH) 07,
h,=5880 (E°+&)c 0 +(&c+5°8)8"),
hy=4900 6" 6" £°.

Equations (xii) and (xiii) also give rise to the relation ¢;3=® ¢, where

TEGT (20T E—15ET—-1571+12)0°—TET(10-12ET1— 12T+ 15T°E)(6+1)0+60+84 T E—-70(1+&) T

0= .
3B 6T (3-41-4ET+6TE) 0 —TET(20TE-15ET—15T+12)(0+1)0+70+105T° E—84 (1+&)1
Equation (xiv) then gives rise to a relation ¢,y ={ c,,, where ( is a real zero of a degree 6 polynomial
K(z)=kg o4k +k, 2+ ks +ky 2+ kg 2+ kg
where
k, = 105,

k=-120((1+0)tEB+0+1+T+E1),

=0T+ (ET+(T+(1+0)1)E) )+ ET+HT+(1+0)DNE O+ (T+(1+0)T)E+(1+0) T+,



ky==168 (ET+(T+(1+0)T)E)F+(T+(1+0) T E+(1+0)T+01)E)0) 0
F((T++0) D) E+((1+0)T+01)E) O+ ((1+0) T +01)E+01T),

k,=210 (
((T+(1+0) D) E+((1+0) T+ ENC+(1+0) T+0T)E+0TE0)c+(1+0)T+0T)E+0TE)+0TE)

>

k5:280(((((1+w)1:4+t3w)§3+§21303)62+6§21:3w)6+6§21:3w),

k,=42066°E " o.
This polynomial is obtained by making the substitutions

€4=0608Tcy, ¢5=08Tcy =8Tcy, =Te  Cy=00,,

in equation (xiv). The coefficients depend on o, 0, & T and ®.

Specifying the nodes ¢, anc; together with the linking coefficient a,, |, allows all the nodes and linking coefficients in stages 2 to 20 to
be calculated. This can be done in 3 stages. The nodes and linking coefficients in stages 2 to 13 can be obtained from the relations between
the nodes in conjunction with suitable stage-order conditions. Some of the stage-order condtions must be omitted to avoid obtaining an
over-determined system of equations. Additional relations between the nodes can be used in conjunction with suitable stage order
conditions to calculate the nodes and linking coefficients in stages 14, 15 and 16.

The nodes and linking coefficients in stages 18, 19 and 20 can be obtained in a similar way.

Step 2:
We specify the remaining nodes ¢,;, C,y, Cy3. Cpys Coss Cogr Cp7s Cags Cpgs €3 =1 and the weight by
We also require that b,=0, i=2..18. Then we can obtain all the remaining weights by using the order 12 quadrature conditions:
30 30 1
k
Db=1. Db = k=111

+1

i=1 i=1
Step 3:
We specity the linking coefficients: Ayy 91 391> Ga3. 220 Gag 195 Gy, 200 g 200

We also specify the zero linking coefficients in rows 21 to 31.
a;;=0, j=2..13, i=21..30.

The stage-orders of stages 3 to 30 are given as follows.

[stage,l,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26,27,28,29,30}
stage-order, |, 3,3,3,4,4,4,5,5,5,6,6,6,7,7,7,7,8,8,8,8,8,8,8,8,8,8,8,38

The stages 21 to 30 have stage-order 8. Thus the following conditions hold.

i—1 i—1 (k+1)
S0, -c. tor i- S a0/~ or =21..30,
z a;;=c; for i=21..30, c a; ;¢ = TR for i=21..30, k=1..7.
Jj=1 Jj=2
After specifying the zero linking coefficients a; ;=0 for j=2..13, i=21..30, these equations provide linear relations among the

linking coefficients in stages 21 to 30.
We can obtain linear expressions for 80 of the linking coefficients with the following 39 linking coefficients remaining as parameters.

oy 1gp asp 0= 18,19,22,24 ays ,i=18,19,22,24, ay, ,i=1,14,16,22,23,24, a5 ,i=17,18,19,20,21,22,24,
(py » i=17,18,19,20,21,22,24,28, ay, ,i=17, 18, 19,20, 22, 23, 24,27, 29.



Step 4:
A system of equations arising from the 7 column simplifying conditions

30
D bia,,=b;(1—c), j=19,20,22,24,27,28,29,.

i=j+1
can be solved to give linear expressions for Qs 240 Q7,220 Gp7.230 A3 190 30,200 30,270 F30, 20°

By means of substitution we obtain linear expressions for 87 linking coefficients with the following 32 linking coefficients remaining as
parameters.
Ay g0 Ggs.p 1=18,19,22 ay, ,1=18,19,22,24, a,; ,i=1,14,16,24, ay ,i=17,18,19,20,21, 22,24,
Ay »1=17,18,19,20, 21, 22,24,28, ay, ,i=17,18,22,23,24.

A system of equations arising from the following pair of column simplifying conditions.

30
D, b, =b(1-c), j=23, 25,
i=j+1

can be solved to give linear expressions for a, 1, and a,; ;.

By means of substitution we obtain linear expressions for 89 linking coefficients with the following 30 linking coefficients remaining as
parameters.

Ay 1gp Gpsp P=18,19,22 ay, ,i=19,22,24, ay, ,i=14,16,24, a, ,i=17,18,19,20,21,22,24,
ay » i=17,18,19,20,21,22,24,28, ay, ,i=17,18,22,23,24.

It turns out that the following two additional column simplifying conditions are also satisfied at this stage.
30
Y. bia,,=b;(1-cp, j=21, 2.
i=j+1

Step 5:
A system of equations arising from the 6 order conditions

i=4 j=3 k=2 i=4 j=3 k=2

30 i—1 j—-1 30 i—1 j=1

Zb 2 6 zb 2 6 1
i Ci al]c] ajkck 756’ i Ci aljc] a]k k _840

i=4 j=3 k=2 i=4 j=3 k=2

can be solved to give linear expressions for s, 180 Gog. 190 Qa7 160 D30.170 D30, 18 and a3y, 23

By means of substitution we obtain linear expressions for 95 linking coefficients with the following 24 linking coefficients remaining as
parameters.
Ay g Gosp 1=19,22 Gy ,0=22,24, ay ,i=14,24, a, ,i=17,18,19,20,21, 22,24,
Ay »1=17,18,19,20,21,22,24,28, ay, ,1=22,24.

Step 6:
A system of equations arising from the 3 order conditions

>, (3 5 8 1 oo (D (il 6 1
Ebi[zai,jcj{zaj,kck D:TSS Zbici {z“i,j{zaj,kck D:m_z’

j=3 k=2 i=4 j=3 k=2



can be solved to give linear expressions for a,, 5, dys5 5, and ay; .

By means of substitution we obtain linear expressions for 98 linking coefficients in terms of the 21 linking coefficients
Qs 19 Uog, p 1=22,24, Gy o Gyg »i=17,18,19, 20,21, 22, 24,
Ay »1=17,18,19,20,21,22,24,28, ay, ,,i=22,24.

Step 7:
A system of equations arising from the 3 order conditions

ST £

Jj=4 k=3 1=2 Jj=4 k=3

j-1 k=1

Zb Ci [Z [za]‘,k[z “k,ch]]]:ﬁ

j=4 k=3 =2

can be solved to give a linear expressions for s 19» Gog 94 ANA Gyg 5.

By means of substitution we obtain linear expressions for 101 linking coefficients in terms of the 18 linking coefficients
Qyg 93 7 94 Gog » i =17, 18,19, 20, 21, 22, 24,

tpy = 18,19,20,21,22,24,28, ay, ,i=22,24.

Step 8:
A system of equations arising from the 2 order conditions

-1 k-1 ; ] 30 i1 i1 k-1 ) |
zb,% [Z lj[zaj,kck[zak,lcl]]]:m’ i_zbici[zai,jcj[zajvkck[ a"”c’}]]:%

j=4 k=3 1=2

can be solved to give a linear expressions for a,, ,, and a,; o
By means of substitution we obtain linear expressions for 103 linking coefficients in terms of the 16 linking coefficients
Ay »1=17,18, 19, 20, 21, 22, 24,
Ay » 1 =18,19,20,21,22,24,28, ay, ,i=22,24.

Step 9:
We now specify values for 5 of the linking coefficients in rows 28 and 30, namely ayg |4, dag 155 Qg 195 G39,2p AN A3 9y

By means of substitution we obtain linear expressions for 64 linking coefficients in terms of the 11 linking coefficients
Ay »1=20,21,22,24, a,y ,i=18,19,20,21,22,24,28.

A system of equations in the 11 variable linking coefficients can be constructed from the 11 order conditions

30 i-1 -1 1 30 i1 j-1 k-1 !
8 7
Zbici[. ai,j[ a; 1 Ck ]]: 1080 zbici[zai,]‘[za]‘,k[z a1 € ]]]:8640’

i=5 j=4 k=3 =2

30 i-1 j-1 k-1 i-1 j-1 - |
2 6 6
T o0 [ L 1) O ) B |

1=2

i [il [jl k-1 1 i i—1 j-1 k-1 zii

6 6
b a a',kck[ A1 € D]: > b, Ci[ ai,'[ “',k[ ak,l[ Al Cm ]D]: >
i=5 j=4 ! k=3 ! 1=2 7560 i=6 j=5 ! k=4 ! =3 m=2 60480



30 2 5 1
zb,-cl- 4 Z“j,k Yt Z“!m m ~ 36288
i=6 j=5 k=4 =3 m=2
30 i-1 j-1 k-1 -1
5 1
Zbi ¢ a; ;¢ z a4k ak,l[z Ay m Cm ] = 40320’
i=6 j=5 k=4 =3 m=2
30 i—1 j-1 k-1 -1
5 1
Zbi ¢ a; ; z a; i Ck ak,z[z Ay Cm ] = 45360°
i=6 j=5 k=4 =3 m=2
30 i—1 Jj- k-1 -1 m—1
5 1
zb,- ¢ Zau Z"j,k At Gm z“m’"cn ~ 362880
i=7 j=6 k=5 1=4 m=3 n=2
30 i—1 Jj-1 k-1 -1
5 1
Zbi Ci Zai,j Zaj,k zak’l z %m Cm - 33264
i=6 j=5 k=4 1=3 m=2

The resulting equations have respective degrees 2, 2, 2,2, 2,3,2,2,2,3,2 inthe 11 variables and so would be extremely difficult to
solve analytically. However, the system can be solved by using the multidimensional version of Newton's method if initial values are
provided.

A given order 12 scheme is determined by specifying values for the 24 coefficients
Cp Crzo Cops Copp Co3 Cogp O3 o0 Cops oo Copo D3

Qs 17 A 21> Go3,015 G232 a4, 190 Gaa, 22 a6, 200 Gas, 17> Gos, 18> Gas, 190 30,20 AN dzg o
together with the constant & in the relation c¢,,=& ¢ ;.

A schematic picture of the linking coefficients as they appear in the Butcher tableau is given below. The red squares indicate nonzero
linking coefficients while the open blue squares indicate zero coefficients.
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In searching for order 12 schemes with reasonable characterstics one may change the values of these 25 parameters incrementally and use
the values obtained at a given stage for the 11 coefficients which occur as the variables in the system of non-linear equations to be solved in
the last step of the construction of the scheme as starting values for Newton's method in the determination of the coefficients for the next
scheme.

Once an order 12 scheme has been constructed, an embedded scheme order 11 scheme can be obtained by adding a 31st row of linking
coefficients. We specify that c;; =1, a;; ;=0 for i=2..13, b* =0 for i=2..18. Wesetb*;)=0 and give a value for b*;; which
means that the scheme is essentially a 30 stage scheme.

A system of equations can be constructed using the order 11 quadrature conditions together with the row-sum condition for the additional
31st stage and the stage-order conditions that ensure that this stage has stage-order 8, that is,

31
k 1
b* =1, b* ¢. = for k=1..10,
E 13 z lcl k+l Or

30 30
Z Z k 1 (k+1)
a3 ;=C3p as ;¢ = Cae for k=1..7.

j=1 j=2

In choosing a value for b*;, we try to ensure that the stability region of the embedded order 11 scheme is compatible with that of the order
12 scheme. We make the order 12 scheme into a 31 stage scheme by specifying that b,, =0.

The system of 19 equations can be solved to express the weights b*, and b*, for i=19 to 28 in terms of b*,, .

Additionally, the linking coefficients a;, | and as, ;, i =14 to 20 can be expressed as linear combinations of the linking coefficients aj, ;

, i=21to0 30.
The column simplifying conditions

31
D, bra,=b (1-c), j=21..30,

i=j+1

can now be used to determine the linking coefficients ay, ; for j=21..30 in terms of b*,,.
This enables all the linking in stage 31 to be expressed in tems of b*,,.

Finally, b*,, can be determined by using the single order condition

31 i-1 . |
;b*ici[z“ai’jcj ng

j=2
The stage-orders of stages 3 to 31 of the combined scheme are as follows.

[stage,l,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26,27,28,29,30,31}
stage-order, |, 3,3,3,4,4,4,5,5,5,6,6,6,7,7,7,7,8,8,8,8,8,8,8,8,8,8,8,28,38

The principal error norm of an order 12 scheme constructed in the manner described can be calculated using 71 of the 12486 principal
error terms. These error terms are given in an abreviated form as follows.

1
be (a (a (a (a(a(a(a(a(a(ac))))))))))- be (a (a(ac (a(a(a(a(a(ac)))))))))-" ——,

518918400’ 64864800
be (a (ac (a (a(a(a(a(a(a C)))))))))—m, be (ac (a (a(a(a(a(a(a(a C)))))))))—m,
%(bcz (a (a (a (a (a (a (a (a (a C)))))))))_mj’ be (ac (ac (a(a(a(a(a(a c))))))))_M’
1i,e : R N 1 2 __j
) [bc (a (ac (a (a (a (a (a (ac)))))))) 5896800]’ ) (bc (ac” (a (a (a (a (a (a (ac)))))))) 5765760 )



5 (bc (ac (a (a (a (a (a(a(ac)))))))) 5241600 ) p be (a (a (a (a(a(a(a(ac)))))))) 26436400 )
s |b¢ (@ (a(ataa(aa@nN-re) o |be(a(aac (a(a(a @) -]
o |be(a(ac (a(a(ata@NN-goes) o |beac(a(a(aata@NN-zoeas)
L (bc2 (a (a (a (a (a (a (acH))))- J L [bc3 (ac (a(a(a(a(a(ac)))))- J
12 7862400 )’ 6 589680 )
1 (b s J 1 (b s J
oa e a(atata(aa@NNN-Jros) oa | (a(a(a(a(a(a @) -7 =)
S |betataao’)y) -} s |be(ac(ac (a(a(a@N-Toamr)
= (bc2 (a (ac (a(a(a(ac)))))- j = (bc (ac® (a (a(a(a(ac))))))- j
12 982800 ) 12 960960 )’
= (bc2 (ac (a(a(a(a(ac)))))- ] = (bc3 (a (a (a (a (a (acH)))))- ]

12 873600 ) 36 786240 )’

o4 |be(aa(ac (a(a@eNN-7 o) o4 |be(atac (a(a(a@eN))-2 =)
L [bc (ac (a (a (a (a(ach)))))- j - [b& (a (a (a (a (a (acH)))))- J
24 2162160 ) 48 1965600 )’
- (bc (a (a (a (a (a (ac)N)))- j L (b (ac (ac (ac®)) (ac® (ac)))- J
120 4324320 ) 4 23400 )

i [b : gy L j N [b Sy )

26 |b¢ (ac @ (a(a @ -5, o4 |be(ac (ac (a(aach)-——r)

L (b& (a (ac (a (a (ac)))))- J L [bc (ac® (a (a(a (ach))))- J
48 245700 ) 48 240240 )
L (bcz (ac (a (a(a (ac)))))- j L (b& (a (a (a (a (ach)))) - J
48 218400 ) 144 196560 /)’
- (bc“ (a (a (a (a (ac))))) - J — Ebc (a (a (ac (a (ac’)))))- j
144 87360 ) 120 540540 )

o \be (aae (a @@ - o \be ac (a(aa @) -],
L (bcz (a (a (a (a (ac)))))- J L [bc (a (a (a (a (ac®)))))- j
240 393120 ) 720 720720 )
L [bé (ac (a (a(ac))- j L (bc“ (a (a (a (ach))) - J
144 24570 ) 576 21840 )



j € (bc2 (a (ac (a (ac))))- j
49140 )

1
120 (bc (ac (ac (a (ac’))))- 240

54054

— [bc2 (ac (a (a(ac’))))- 1 j
43680 )

1
240 (bc (ac® (a (a (@)~ 48048)’ 240

40

r . P _;j
, 720 (bc (a (ac (a (ac)))) 20080 )

1
720 Ebc (a (a (a (ac)))~ 39312]

1
720

] L (bc2 (a (a (a (ac®))))- J
65520 )

(bC (a(, (Ll (a (ac ))))_ 1440

72072

(bc (ac (a (ac )))—4914j

102960 j 720

5040 (bc (a (a (a (ac’))))-

[bc (ac (a(ac®)))- 7280)’

1/1440 [bc (ac® (a (ac®)))- 8008) 1440

(bc (a (a (ac )))_4368j

2880

(bc (a (a (ac )))_9360j

(bc (ac(a(ach))- 10296]’ 10080

(bc (a (a (ac®))- 6552] 5040

4320

bt (a (acé))—L] ;(bc (a (ac))-— ! J
’ 936

- 8 p—
(bc (a (a (ac”))) 12870]’ 17280 ( 728 30240

40320

1 1 1 1 1
b - 1/80640 | b ¢ 8y - j (b - J
40320 [ ¢ (ac (ach) 1287j ( ¢ (atae)) =", 362830 (2¢ (a (@) -T

1 1 1 1 1 1
(bc (ac) J [bc (ac ) — j —(bc (aclo)—_j,
241920 117 725760 130 3628800 143

11 1 .
b (ac )—- R bc — .
39916800 156 479001600 13

For example, ] is an abreviation for

2 64y
(bc (ac (a (ac’))) 7280
, i-1 j-1 k-1 ] |
s (o S [Zon S ] -5
i=2 Jj= = =
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L. 2 . . . .
The principal error norm can be calculated as z d;e; , where e, is the value of the ith error term above and d, is the ith member of
i=1

the sequence

2,2,2,2,6,2,6,4,6,22,30, 22,22, 22, 66, 30, 156, 282, 12, 22, 66, 44, 66, 330, 156, 156, 156, 468, 2052, 521/256, 330, 156, 468, 312,
468, 2340, 3102, 2052, 2052, 2052, 6156, 39432, 2340, 21996, 2052, 6156, 4104, 6156, 30780, 39432, 39432, 118296, 950112, 30780,
289332, 78864, 118296, 591480, 950112, 2850336, 28905348, 5559912, 14251680, 28905348, 86716044, 1111178724, 433580220,

272483743562603

3333536172, 49928059752, ———————————, 1.
144

1440

The following sets of parameter values determine schemes with the given characteristics. The coefficents for the three schemes considered
here are given in separate documents.

1. First scheme with a small principal error norm.

3 44 3878 6305 1515 2048 3427

o9 BT 75 UT 61330 2T 471467 BT 21490 T 87650 BT 31813
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- - - : - 3 =1, by= :
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111 181 4949 4037 491 198 27379
dig17= > Ay =7 s O30 = > Gy ;p = > Gyg 9= > Gy p =~ > Oy620= >
305 2892 60976 1404 4721 4823 2738

88358 668762 210288 362497 259829
Gyg 17=~ 691 Ayg 18~ ~ 991 Ayg 19~ 347 30,22 = " 580 az0,04 = 252

74

The constant & in the relation ¢, =§ ¢, has the value &= 217

The order 12 scheme has principal error norm 0.1949742902 x 10(_7)

and the real stability interval is [-3.61216, 0].

The weght that determines the order 11 embedded scheme is b*;, = 25

The order 11 scheme has principal error norm 0.6755351914 x 10 and the real stability interval is [~3.32116, 0].

The stability regions of the two schemes are shown in the following picture in which the stability region of the order 11 scheme is given the
darker shade.

Im(z)

Re(z)

The following picture shows the result of distorting the boundary curve of the stability region of the order 12 scheme horizontally by
taking the 11th root of the real part of points along the curve.

e

r0.5

08 04 0O opa

The stability region intersects the nonnegative imaginary axis at the origin and in the interval [1.06088 7, 2.90991 i].

The maximum magnitude of the linking coefficients is 1804.19.



2. Second scheme with a small principal error norm.

872 2647 8455 5591 5981 887 6694
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. . 2669
The constant & in the relation ¢4 =¢ c,,. has the value &= 827"
The order 12 scheme has principal error norm 0.1842009865 X 10(_7) and the real stability interval is [-3.65031, 0].
1
The weght that determines the order 11 embedded scheme is b*;, = 5

The order 11 scheme has principal error norm 0.5457560603 x 10(_7) and the real stability interval is [-3.36901, 0].

The stability regions of the two schemes are shown in the following picture in which the stability region of the order 11 scheme is given the
darker shade.

Re(z)

The following picture shows the result of distorting the boundary curve of the stability region of the order 12 scheme horizontally by
taking the 11th root of the real part of points along the curve.
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The stability region intersects the nonnegative imaginary axis at the origin and in the interval [ 0.99968 i, 2.97170 i ].
The maximum magnitude of the linking coefficients is 1938.87.




3. Scheme with a large stability region.

873 44 8076 2887 8642 1373 2557
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Th tant & in the relati & c,,. has the value § 1741
e constant ¢ in the relation ¢, = & ¢ ;. has the value &= 57889
The order 12 scheme has principal error norm 0.2266066306 X 10(77) and the real stability interval is [—4.20598, 0].
1

The weght that determines the order 11 embedded scheme is b*;, = E
The order 11 scheme has principal error norm 0.8868898221 x 10(77) and the real stability interval is [-3.53662, 0].

The stability regions of the two schemes are shown in the following picture in which the stability region of the order 11 scheme is given the
darker shade.

Re(z)

The following picture shows the result of distorting the boundary curve of the stability region of the order 12 scheme horizontally by
taking the 11th root of the real part of points along the curve.
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2
51

0.
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The stability region intersects the nonnegative imaginary axis at the origin and in the interval [2.68704 i, 3.28354 i].
The maximum magnitude of the linking coefficients is 1772.92.



